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We reconsider Schoen and Yau’s proof of the positive mass theorem from the extra dimensional
point of view, and we introduce a modified argument to prove the theorem in the Kaluza-Klein
picture. We consider in this study an alternative condition to Jang’s equation, which makes the
argument more physically intuitive.
I. INTRODUCTION
The positive mass theorem in general relativity asserts that for a nontrivial isolated physical system the total
energy is nonnegative. It is fundamentally important as it guarantees the stability of space-time. Historically there
have been two main ways to prove it. One of them, formulated by Witten [1], is inspired by supergravity and is
easily accessible even by non-mathematicians. There has recently been some trial work based on this proof on the
construction of dark energy theories compatible with the positive mass theorem [2–4], but these tend to be biased
towards supergravity. Therefore, it would be interesting to address the same issue from another perspective, based on
the other more mathematical proof of the positive mass theorem formulated by Schoen and Yau [5, 6], which has no
relation to supergravity. This approach however could cause some difficulty for the rather convoluted mathematical
techniques required and the absence of an immediate physical interpretation.
In this paper we propose a new method that follows the same argument as Schoen and Yau’s proof [6], but offers
an easier interpretation which could have some applications in cosmology etc. In fact, Schoen and Yau’s proof recalls
some characteristics of the Kaluza-Klein picture of space-time [7, 8], an extra-dimensional theory first proposed as a
possible candidate for a unified theory of gravity and electromagnetism. By reformulating the proof explicitly on a
Kaluza-Klein space-time it is easier to obtain a physical interpretation.
The main idea of Ref. [6] in extending the Riemannian positive mass theorem [5] to the general case is to consider a
function f on an initial data set (Σ, qab,Kab), where qab and Kab are the induced metric and the second fundamental
form of Σ, and take its graph Σ¯ in Σ × R. Equipped with the product metric dy2 + q, the mean curvature of Σ¯ in
Σ × R is supposed to be equal to q¯abKab, a condition known as Jang’s equation [9]. It is noted that the induced
metric on Σ¯ can be deformed conformally to an asymptotically Euclidean metric with vanishing scalar curvature, so
that the Riemannian positive mass theorem [5, 12] can be applied. We can then conclude by this result that the
Arnowitt-Deser-Misner (ADM) mass of space-time is nonnegative.
The new approach we propose follows the same key steps, but instead of considering a function of an initial data
set, we consider a function of space-time M , whose graph is a hypersurface in M × R, which can be regarded as
a Kaluza-Klein space-time. In addition, the condition imposed by Jang’s equation is replaced by considering the
existence of a marginally outer trapped surface (MOTS) in M × R. Analogies between solutions of Jang’s equation
and MOTS have already been considered [10]. The result is a new method of proving the positive mass theorem with
an easy physical interpretation.
The rest of this paper is organized as follows. In Sec. II we give a brief review of Schoen and Yau’s 1981 proof
for non-experts. In Sec. III we present a new way to prove the positive mass theorem in the Kaluza-Klein picture.
Finally, we give a summary and a discussion of the result.
II. BRIEF REVIEW OF THE POSITIVE MASS THEOREM
In this section, we will review Schoen and Yau’s 1981 proof of the positive mass theorem [6] (See also Ref. [11]).
This part will be helpful for non-experts.
We consider a n-dimensional asymptotically flat initial data set for a space-time (Σ, qab,Kab), consisting of a
n-dimensional manifold Σ, a metric qab and the second fundamental form Kab, satisfying the constraint equations
R−KabKab +K2 = 2ρ (1)
and
DaK
a
b −DbK = Jb , (2)
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2FIG. 1: Setup in Schoen-Yau’s 1981 proof
where R is the scalar curvature of the metric qab, ρ is the local mass density and Jb is the local current density. We
assume that ρ and Jb obey the dominant energy condition
ρ ≥ (JbJb)1/2 . (3)
We then form the (n+ 1)-dimensional product manifold Σ× R with metric gˆ defined by
gˆ = dy2 + q . (4)
In the above, we suppose that q does not depend on y.
Given a function f on Σ, we consider a hypersurface Σ¯ in Σ×R which is the graph of the function y = f(xi), where
xi is the coordinate on Σ (See Fig. 1). Then the induced metric on Σ¯ is
q¯ = gˆ|y=f(x) = (qij + ∂if∂jf)dxidxj =: q¯ijdxidxj . (5)
Hereafter we consider the ADM decomposition with respect to Σ¯. The unit normal vector n¯a to Σ¯ in Σ× R is
n¯a = α∇ˆa(y − f(x)) , (6)
where α is the lapse function and ∇ˆa is the covariant derivative with respect to gˆ. In the current setup, we have
α = (1 + (Df)2)−1/2 . (7)
The evolution equation for K¯ along the n¯-direction is given by
α−1D¯2α = −Rˆabn¯an¯b − £n¯K¯ − K¯abK¯ab , (8)
where Rˆab is the Ricci tensor of gˆ, D¯a is the covariant derivative with respect to the metric q¯ and K¯ab is the second
fundamental form of Σ¯.
The double trace of the Gauss equation with respect to Σ¯ gives us
Rˆ− 2Rˆabn¯an¯b = R¯− K¯2 + K¯abK¯ab , (9)
where R¯ is the scalar curvature of Σ¯. From the construction of gˆ, we see that Rˆ = R. Using Eq. (1), the equation
above then becomes
2Rˆabn¯
an¯b = 2ρ+KabK
ab −K2 − K¯abK¯ab + K¯2 − R¯ . (10)
Eqs. (8) and (10) imply
2ρ = R¯−KabKab +K2 − K¯2 − K¯abK¯ab − 2£n¯K¯ − 2α−1D¯2α . (11)
Since
∇ˆa(Kab − δabK) = Da(Kab − qabK) (12)
3and direct calculation gives us
n¯b∇ˆa(Kab − δabK) = n¯a∇ˆaKq¯ − 2D¯a lnαKabn¯b − D¯a(q¯baKbcn¯c)− K¯Kabn¯an¯b +KabK¯ab , (13)
Eq. (2) implies
£n¯Kq¯ − D¯a(q¯baKbcn¯c) + Jan¯a − K¯Kabn¯an¯b +KabK¯ab − 2α−1Kabn¯bD¯aα = 0 . (14)
Then, from Eqs. (11) and (14) we derive the key equation
2(ρ− Jan¯a) = −2D¯aXa − 2|Xa|2q¯ + R¯+ 2£n¯(Kq¯ − K¯)− |Kab − K¯ab|2q¯ +K2q¯ − K¯2 + 2Kabn¯an¯b(Kq¯ − K¯) , (15)
where Kq¯ = q¯
abKab and
Xa := D¯a lnα+ q¯
c
aKcbn¯
b . (16)
| · · · |q¯ denotes the trace with respect to q¯ab. Now, if one can impose
Kq¯ = K¯ , (17)
Eq. (15) becomes
2(ρ− Jan¯a) = −2D¯aXa − 2|Xa|2q¯ + R¯− |Kab − K¯ab|2q¯ . (18)
Eq. (17) can be written in term of f as
αq¯abDaDbf = q¯
abKab (19)
and it is called Jang’s equation. It has been shown that a solution to Eq. (19) exists when there are no apparent
horizons [6]. If there is an apparent horizon, a more careful treatment is needed. However, the essence of the proof
does not depend on the existence of apparent horizons. Therefore, for simplicity, we focus on the case in which a
solution to Jang’s equation exists 1.
Let ϕ be a function on Σ¯. Let us multiply ϕ2 to Eq. (18) and integrate over Σ¯. Using Eq. (17), we have∫
Σ¯
[
2(ρ− Jan¯a)− R¯
]
ϕ2dV¯ =
∫
Σ¯
[
−2D¯aXaϕ2 − 2|Xa|2q¯ϕ2 − |Kab − K¯ab|2q¯ϕ2
]
dV¯
=
∫
Σ¯
[
−2 ∣∣ϕXa − D¯aϕ∣∣2q¯ − |Kab − K¯ab|2q¯ + 2(D¯ϕ)2]dV¯
≤ 2
∫
Σ¯
(D¯ϕ)2dV¯ . (20)
We suppose that ϕ satisfies (
D¯2 − n− 2
4(n− 1) R¯
)
ϕ = 0 (21)
and has the following asymptotic behaviour at infinity
ϕ = 1− C/rn−2 +O(1/rn−1) . (22)
Thus, by Eq. (20) and the dominant energy condition we have
0 ≤ 2
∫
Σ¯
(ρ− Jan¯a)dV¯ ≤
∫
Σ¯
(
R¯+ 2(D¯ϕ)2
)
dV¯ =
4(n− 1)
n− 2
∫
S¯∞
ϕD¯aϕdS¯
a − 2n
n− 2
∫
Σ¯
(D¯ϕ)2dV¯ , (23)
hence
0 ≤ 2n
n− 2
∫
Σ¯
(D¯ϕ)2dV¯ ≤ 4(n− 1)
n− 2
∫
S¯∞
ϕD¯aϕdS¯
a = 64piC , (24)
1 If one is interested in the large scale structure of space-time, the assumption that there is no apparent horizon is reasonable.
4that is, C ≥ 0.
Take the conformal transformation q˜ab = ϕ
4/(n−2)q¯ab. Eq. (21) shows us that the scalar curvature R˜ of q˜ vanishes.
So, by the Riemannian positive mass theorem, the ADM mass m˜ is nonnegative [5, 12]. Since m = m˜ + 2C, we see
that m ≥ 0. Here we used the asymptotic behaviour of qij , that is,
qij =
(
1 +
2
n− 2
m
rn−2
)
δij +O(1/r
n−1) . (25)
We considered a (n+ 1)-dimensional product manifold in the proof, which can be interpreted as a spacelike slice of
a Kaluza-Klein space-time, that is a (n+ 2)-dimensional space-time with n+ 1 space dimensions. Jang’s equation is
a key point in the proof: its meaning is non-trivial at first glance. Here, Jang’s equation can be written as
q¯ab(Kab − K¯ab) = 1
2
q¯ab(£tqab − £n¯q¯ab) = 0 . (26)
In consideration of the extra-dimensions construction, this expression suggests that the condition imposed by Jang’s
equation could be replaced by imposing the vanishing of the null expansion. The analogy between Jang’s equation
and the existence of a marginally outer trapped surface has been discussed extensively [10].
III. PROOF OF THE POSITIVE ENERGY THEOREM IN A KALUZA-KLEIN PICTURE
In this section we will slightly modify Schoen and Yau’s proof of the positive mass theorem [6, 11]. There are two
main points in this new procedure. The first is that we shall consider the graph of a function on the full Lorentzian
space-time instead of just on the Riemannian manifold corrisponding to the space dimensions. The second is the
imposition of a condition alternative to Jang’s equation. These are just slight modifications, but they allow for a
better intuition of the physics behind the proof. Note that the notation in this section is independent of the previous
one.
Let M be a (n+ 1)-dimensional Lorentzian space-time with metric gµν , and consider a (n+ 2)-dimensional product
manifold Mˆ = M × R equipped with the metric
gˆ = dy2 + gµνdx
µdxν , (27)
where gµν does not depend on y. (Mˆ, gˆab) can be considered as a Kaluza-Klein space-time. Then, given a function f
on M we can take a timelike hypersurface M¯ given by the graph y = f(xµ) (See Fig. 2). The metric induced on M¯ is
g¯µν = gµν + ∂µf∂νf . (28)
Introducing a change of coordinate defined by
y¯ := y − f(xµ) , (29)
the (n+ 2)-dimensional metric on Mˆ is written as
gˆ = dy¯2 + 2∂µfdy¯dx
µ + g¯µνdx
µdxν . (30)
The unit normal vector to M¯ in Mˆ is given by
n¯a = α¯∇ˆay¯ , (31)
where α¯ = (1+gµν∂µf∂νf)
−1/2 and ∇ˆa is the covariant derivative with respect to gˆab. Here we suppose gµν∂µf∂νf > 0
because M¯ is a timelike hypersurface.
Consider a spacelike hypersurface (Σ¯, q¯ab) ⊂ (M¯, g¯ab) given by the intersection of M¯ and the spacelike hypersurface
Σˆ with timelike unit normal vector t¯a in Mˆ , that is Σ¯ = M¯ ∩ Σˆ (See Fig. 2). Then, the metric is decomposed as
gˆab = g¯ab + n¯an¯b = h¯ab − t¯at¯b = q¯ab − t¯at¯b + n¯an¯b , (32)
where g¯ab, h¯ab and q¯ab are the induced metrics on M¯ , Σˆ and Σ¯ respectively. We denote the covariant derivatives D¯a
and D¯a with respect to h¯ab and q¯ab respectively. Then, we have following key equation [10, 13]
n¯aD¯aθ¯− =
1
2
θ¯−abθ¯ ab− −
1
2
θ¯2− + (k(n¯) − κ(t¯))θ¯− + D¯aτ¯a + τ¯aτ¯a −
1
2
Rq¯ + Gˆab ¯`
at¯b , (33)
5FIG. 2: Setup in our consideration
where
θ¯− := q¯ab∇ˆa(t¯b − n¯b) , (34)
θ¯−ab := q¯caq¯
d
b ∇ˆc(t¯b − n¯b) , (35)
k(n¯) := q¯
abD¯an¯b , (36)
κ(t¯) := n¯
an¯b∇ˆat¯b , (37)
τ¯a := q¯
b
a∇ˆbt¯cn¯c + D¯a ln α¯ , (38)
¯`a := t¯a − n¯a (39)
with a null vector ¯`a, and where Rq¯ is the scalar curvature of q¯ab and Gˆab is the Einstein tensor for gˆab.
In the current setup, it is easy to see that
Gˆab ¯`
at¯b = Gab ¯`
at¯b , (40)
where Gab is the Einstein tensor for gab. Since ¯`
a is a null vector in Mˆ , Eq. (32) tells us
gab ¯`
a ¯`b = −(na ¯`a)2 , (41)
so that gab
¯`b is a timelike vector in M . In a similar way, gab t¯
b is also a timelike vector. Imposing the dominant energy
condition for the Einstein equation on (M, g), Eq. (40) implies
Gˆab ¯`
at¯b ≥ 0 . (42)
Let us now introduce the condition that Σ¯ is required to satisfy, which corresponds to Jang’s equation in the original
proof:
θ¯− = q¯ab∇ˆat¯b − q¯ab∇ˆan¯b = 0 . (43)
In Jang’s equation as presented by [6], the first term is q¯ab∇ˆatb, where ∇ˆatb is treated as the pullback from Σ to Σ¯
(See Appendix A for more details on the distinction between the original proof and the one presented here). Note that
Eq. (43) is satisfied by a marginally outer trapped surface [10]. Note also that Σ¯ is a non-compact, asymptotically
flat surface. In terms of y¯, the equation becomes
α¯q¯ab∇ˆa∇ˆby¯ = q¯ab∇ˆat¯b . (44)
6This is an elliptic equation for y¯. The existence of a solution to Jang’s equation was proved by Schoen and Yau [6, 11]
if there is no apparent horizon in Σ¯ and it was a fundamental part of their result. As for the existence of a solution
to Eq. (44), the question will be left open in this paper and we will work under the assumption that it exists.
Once we impose Eq. (44), we see that on Σ¯
n¯aD¯aθ¯− = 0 . (45)
Since Σ¯ is not compact, this does not imply that Σ¯ is an apparent horizon, however one may regard Σ¯ as having a
similar role to an apparent horizon from a technical point of view.
Let ϕ be a function over Σ¯, satisfying (
D¯2 − n− 2
4(n− 1)Rq¯
)
ϕ = 0 , (46)
with asymptotic behaviour
ϕ = 1− C/rn−2 +O(1/rn−1) . (47)
As in the previous section, we multiply Eq. (33) by ϕ2 and integrate over Σ¯, and by the dominant energy condition
and Eq. (43), ∫
Σ¯
ϕ2
(1
2
Rq¯ − τ¯aτ¯a − D¯aτ¯a
)
dV¯ ≥ 0 . (48)
Using Eq. (46), by the Gauss theorem we have∫
S¯∞
(2(n− 1)
n− 2 ϕD¯aϕ− ϕ
2τ¯a
)
dS¯a ≥
∫
Σ¯
[ n
n− 2(D¯ϕ)
2 + (ϕτ¯a − D¯aϕ)2
]
dV¯ ≥ 0 . (49)
It is easy to see that τ¯a = O(1/r
2n−3) does not contribute to the surface integral in the right-hand side, therefore
C ≥ 0 . (50)
Now perform a conformal transformation given by
q˜ = ϕ4/(n−2)q¯ . (51)
Asymptotically at infinity
q¯ij =
(
1 +
2
n− 2
m¯
rn−2
)
δij +O(1/r
n−1) (52)
and
q˜ij =
(
1 +
2
n− 2
m˜
rn−2
)
δij +O(1/r
n−1) , (53)
where m¯ and m˜ are the ADM masses for g¯ and g˜ respectively. The conformal transformation tells us
m¯ = m˜+ 2C (54)
and
R˜ = 0 . (55)
Therefore we can apply the Riemannian positive mass theorem [5, 12] to (Σ˜, q˜) so that
m˜ ≥ 0 . (56)
Hence, by Eq. (54)
m¯ ≥ 0 . (57)
Since q¯ij = qij + ∂if∂jf with ∂if = O(1/r
n−1), m = m¯. Thus, the ADM mass of spacetime is nonnegative.
7IV. SUMMARY AND DISCUSSION
In this paper we propose an alternative proof of the positive mass theorem in a Kaluza-Klein picture. Instead
of considering the graph of a function on a Riemannian manifold, we consider the graph of a function on the full
Lorentzian space-time, which can be considered as a hypersurface on a Kaluza-Klein space-time. Jang’s equation
is replaced by a condition directly related to the existence of a marginally trapped outer surface. Compared to the
original proof, this proof provides a more direct physical intuition, paving the way for future consideration in the field
of cosmology for example.
An open question that remains is the existence of a solution to Eq. (44), which was assumed in this paper. Another
issue is the case in which there is an apparent horizon: that would need a careful treatment. Considering the similarity
to Jang’s equation we would expect to be able to use a similar argument in this case.
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Appendix A: ADM-decomposition
To see how Jang’s equation and the one proposed in this paper are explicitly distinct, consider the ADM decompo-
sition of the metrics g of M and g¯ of M¯ :
g = gµνdx
µdxν = −N2dt2 + qij(dxi +N idt)(dxj +N jdt) , (A1)
g¯ = g¯µνdx
µdxν = (gµν + ∂µf∂νf)dx
µdxν = −N¯2dt2 + q¯ij(dxi + N¯ idt)(dxj + N¯ jdt) . (A2)
The timelike unit normal vectors to Σ and Σ¯ are written as
ta = N−1[(∂t)a −N i(∂i)a] (A3)
and
t¯a = N¯−1[(∂t)a − N¯ i(∂i)a] . (A4)
A direct comparison tells us
−N¯2 + q¯ijN¯ iN¯ j = −N2 + qijN iN j + f˙2 , (A5)
q¯ijN¯
j = qijN
j + f˙fi (A6)
and
q¯ij = qij + fifj , (A7)
where f˙ = ∂tf and fi = ∂if .
Noting that the inverse of g¯µν is given by
g¯µν = gµν − α¯2∇µf∇νf , (A8)
the relation between N i and N¯ i becomes
N¯ i = N i − α¯2DiffN + f˙(1− α¯2f2N ) , (A9)
8where fN = N
ifi. For N and N¯ , we have
N¯2 = N2 + f2N + α¯
2f2N [1 + (Df)2][α¯2(Df)2 − 2] + f˙2[1 + (Df)2][(Df)2 + α¯2f4N (α¯2(Df)2 − 2)] . (A10)
When
f˙ = 0 , (A11)
since
α¯2 = (1 + (Df)2)−1/2 , (A12)
Eqs. (A9) and (A10) are simplified to
N¯ i = N i − α¯2DiffN (A13)
and
N¯2 = N2 − α¯2f2N . (A14)
Since ta and t¯a are different quantities, q¯ab∇ˆat¯b and q¯ab∇ˆctb which appear in the paper are also different quantities.
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